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ABSTRACT. Let f : M — N be a generic smooth map with corank one sin-
gularities between manifolds, and let S(f) be the singular point set of f. We
define the self-intersection class I(S(f)) € H*(M; Z) of S(f) using an incident
class introduced by Rimanyi but with twisted coefficients, and give a formula
for I(S(f)) in terms of characteristic classes of the manifolds. We then apply
the formula to the existence problem of fold maps.

1. INTRODUCTION

Given a smooth map ¢ : M — N between smooth manifolds, does there exist
a smooth map homotopic to g that has at most “nice” singularities? If not, then
what is the obstruction?

Embeddings and immersions, which have no singularities at all, have been par-
ticularly well studied since the concept of a manifold was established around 1930.
For example, Whitney proved that every n-dimensional manifold can be embedded
in R?" and immersed in R*"~!. Furthermore, the Smale-Hirsch theory [I8] gives
a satisfactory answer to the existence problem of immersions in terms of homotopy
theory. Note that these results make sense only when n = dim M < dim N = p.

On the other hand, similar problems for the case n > p seem to have been hardly
studied except for maps of open manifolds (for example, see [22]). If M is closed
and n > p, then every smooth map f : M — N into an open manifold N must
have singularities. In this paper, we consider fold maps — smooth maps that have
at most fold singularities (for details, see §)) — for such cases, and discuss their
(non)existence problem. Note that a fold singularity is the simplest of the generic
singularities: for example, a fold map for p =1 and N = R is nothing but a Morse
function.

When p = 2, the existence problem of fold maps has been solved: a smooth
map of a closed connected n-dimensional manifold M with n > 2 into an orientable
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surface is homotopic to a fold map if and only if the Euler characteristic of M
is even [31I], [20], [9]. Recall that generic maps into surfaces have fold and cusp
singularities, and that the number of cusp singularities has the same parity as
the Euler characteristic (or equivalently, the top Stiefel-Whitney class w,, (M) €
H™(M;Zs) = Z5) of the source manifold. The above result shows that this is the
only obstruction for the existence of fold maps into orientable surfaces. In fact,
our problem is closely related to the concept of the Thom polynomial of a given
singularity type, as explained below.

Let X be a singularity type, which means a certain union of orbits of the group
Diff(R™,0) x Diff(R?,0) with respect to the right-left action on some jet space
J*(n,p). For a generic map f : M — N between smooth manifolds, ¥(f) C M
denotes the singular point set of f of type X. It is known that for ¥ good enough,
the closure X(f) of 3(f) represents a homology class and that its Poincaré dual,
denoted by Tp(X)(f), can be described as a polynomial in characteristic classes of
TM and f*T'N. This is called the Thom polynomial for ¥ and does not depend on
a particular choice of f (for example, see [17], [3], [24], [12]). Clearly, if Tp(X)(f)
or Tp(X')(f) for some ¥ adjacent to ¥ (i.e., ¥’ C ¥ \ X) does not vanish, then

there is no generic map f homotopic to f such that 3(f) = (). However, in general,
even if Tp(X)(f) vanishes, we cannot conclude that the corresponding singularity
can be eliminated by homotopy. An example in low dimensions was discovered by
the second author, as follows.

Theorem 1.1 (Saeki [25], [26]). Let M be a smooth 4-manifold with H.(M;Z) =
H,.(CP?,Z). Then there exists no fold map of M into any orientable 3-manifold.

Namely, for M as above, every generic map f : M — N into an orientable 3-
manifold N must have cusp singularities. Note that the Thom polynomials for cusp
singularities (or As-type singularities) and its adjacent swallowtail singularities (or
As-type singularities) both vanish in our case.

In the proof of Theorem [[LT] the following congruence, which the third author
[29] proved by using a Rohlin type theorem, played an essential role: for a generic
map f : M — N of a closed oriented 4-manifold M with Hy(M;Z) = 0 into an
orientable 3-manifold N, we have

(L1) S(f)-S(f) =30(M) (mod 4),

where S(f) C M is the set of all singular points of f, called the singular set of f,
S(f)-S(f) is the self-intersection number of S(f) in M, and o(M) is the signature
of M. In a sense, the congruence (1) gives us more information than the usual
Thom polynomials.

The purpose of this paper is to describe what is the essential point behind the
congruence (LT]) and to give its integral lift for general dimensions. For a certain
generic map f : M — N between smooth manifolds whose singular point set S(f)
is a smooth submanifold, we define the self-intersection class of S(f), denoted by
I(S(f)), as the cohomology class in H*(M;Z) Poincaré dual to the homology class
represented by the transverse intersection of S(f) and its small perturbation in M.
This class coincides with the Gysin map image of a special kind of the incident
class introduced by Rimdnyi in his theory of Thom polynomials [24] but refined by
using twisted coefficients (for more details, see §8). By using the desingularization
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method, we obtain a formula for I(S(f)) as follows, where X¢ denotes the sub-
manifold of the 1-jet bundle J!(M, N) consisting of the 1-jets of kernel dimension
l.

Theorem 1.2. Let M and N be manifolds of dimensions n and p respectively,
where M is closed and n —p+1 = 2k, n > p > 1, k > 1. Furthermore, let
f: M — N be a smooth map such that j* f is transverse to 2 and Z(f) = 0 for
all ¢ > 2k + 1. Then we have

(1.2) I(S(f)) = pe(TM — f*TN) € H*(M;Z) (modulo 2-torsion),

where p(TM — f*TN) is the k-th Pontrjagin class of the difference bundle TM —
f*TN.

In the terminology of [15, Chapter VI, §1], the above condition on j!f is equiva-
lent to f being 1-generic and having corank at most one everywhere (the corank of
f at x is defined to be min(n, p) — rankdf,). In this case, we say simply that f is a
generic smooth map with corank one singularities. Note that then the singular set
S(f) = (j1f)~Y(X?) is a smooth regular submanifold of M. Note also that this
condition is generic provided that n > 2p — 4.

The above theorem implies, in particular, that for a generic map f: M — N of
a closed oriented 4-manifold M into an orientable 3-manifold NV, we have

(1.3) S(f)-5(f) = p[M] = 30(M) € Z,

by the Hirzebruch signature formula, where p;[M] denotes the first Pontrjagin
number of M. This is nothing but an integral lift of the congruence (L.I)). Clearly,
Theorem [[] can be proved by using (L3). As another application of the formula
(2), we have the following necessary condition for the existence of fold maps.

Theorem 1.3. Let g: M — N be a smooth map between smooth manifolds, where
M is closed. We assume that n = dim M and p = dim N satisfy n —p+1 = 2k for
some positive odd integer k. If there exists a fold map homotopic to g, then there
exists a cohomology class x € H**(M; Orm—g+rn) such that

z—x=p(TM — g*TN) € H*(M;Z) (modulo 4-torsion),

where — denotes the cup product and Orp—g-TN 1S the orientation local system
associated with the difference bundle TM — g*TN.

The above theorem is very useful for obtaining nonexistence results for fold
maps. For example, we will show that for certain dimension pairs (n,p), every
n-dimensional oriented cobordism class contains a connected manifold that admits
no fold maps into certain p-dimensional manifolds (for details, see §I).

Throughout the paper, we work in the smooth category; that is, all manifolds
and maps are differentiable of class C'* unless otherwise stated.

The authors would like to express their sincere gratitude to Julius Korbas and
Peter Zvengrowski for their useful suggestions.

2. GYSIN MAP WITH TWISTED COEFFICIENTS AND SELF-INTERSECTION CLASS

In this section, we recall the definition and some properties of the Gysin map
with twisted coefficients induced by a smooth map between manifolds, and define
the self-intersection class of a submanifold.
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In the following, for a manifold X (or a vector bundle ), Ox (resp. O¢) will
denote the orientation local system associated with X (resp. £).

Let f : M — N be a smooth map between smooth manifolds of dimensions n
and p respectively, and £ an arbitrary local system over N. Take an embedding
€ : M — Int D" for some r and identify M with the image of the embedding
(f,e) : M — N x D". Let U be a tubular neighbourhood of M in N x D" with
projection py : U — M, where U is identified with the total space of the normal
bundle v of M in N x D". Note that the orientation local system O, is isomorphic
to that associated with the difference bundle f*T'N-TM,i.e., O, = Opern_1rm =
Om ® f*Opn.

Then, we define the (twisted) Gysin map (or the Umkehr map)

fit H*(M; f*L @ Ofern—TMm) — H*+(p_n)(N§£)
induced by f by the composition
H*(M; f*L® Of*TN—TM)(p—:)*’H*(UQ (pu)* fL® (pu) OpsrN-TM)
L HT T ULU S M (o) L)

—Z g PN x DTN x DN\ M (py)*L)
o), H**+PFm=")/(N % D" N x dD"; (pN)*E)(—’(pNI)_
where u € HPY"~"(U,U ~ M; (pr)*Op+rn—7m) is the Thom class of the normal
bundle v, ex denotes the excision isomorphism, py : N x D™ — N is the projection
to the first factor, ips : (N x D", N x9D") — (N x D", N x D" ~. M) is the inclusion,
and the final isomorphism comes from the Kiinneth theorem. It is known that the
above definition does not depend on the choice of a particular embedding € or r
(for details, see [7], [8], [6], for example).

The following properties are known.

H**+P=(N; L),

Lemma 2.1. (1) If f is a proper map, then the twisted Gysin map fi coincides
with the composition

~[M
H*(M; [*L ® Opern—rar)— HS_ (M; [*(£ © Ox))

f e X (’\[N])71 *+(p—n) .
- nf*(Nv‘C@ON)—}H (N"C)a

where HE denotes the homology of closed support, and [M] € HS(M;Opn) and
[N] € H3(N;On) are the fundamental classes of M and N respectively.

(2) We have

h(ffz—y)=2— fi(y)

for allx € H*(N; L) and ally € H*(M; f*L' @ Op«rn—1Mm), where L and L' are
arbitrary local systems over N.

(3) For smooth maps f: M — N and g : N — L with dimM = n,dim N = p
and dim L = £, we have (go f)1 = gio fi : H*(M;(go f)*"L ® Oopyerr—rm) —
H*+En)(L: L) for any local system L over L.

Using the twisted Gysin map, we define the self-intersection class of a submani-
fold as follows.

Definition 2.2. Let Y be a smooth submanifold of a smooth manifold X of
codimension k. Let U be a tubular neighbourhood of Y in X with projection
py : U — Y, where U is identified with the total space of the normal bundle vy of
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Y in X. Consider the Thom class u € H*(U,U \Y; (py)*O,, ) of vy. The twisted
Euler class e(vy) € H*(Y; O,, ) of vy is the image of u under the composition

HYUUNY: (pv)* Oy ) HA (U (prr) Oy ) P HH (Y 0,),
where iy : U — (U,U \Y) is the inclusion. Then the self-intersection class I(Y) €
H?%(X;Z)of Y is defined by I(Y) = iy(e(vy)), where iy : H*(Y;0,, ) — H*(X;Z)
is the Gysin map induced by the inclusion i : Y — X.

It is clear that when X is oriented, the homology class Poincaré dual to the
self-intersection class I(Y') is represented by the transverse intersection of Y and
its small perturbation in X as a Z-cycle (even if Y is non-orientable). Note that
this integral cycle is well-defined as a homology class, which is denoted by Y - Y €
Hp_2,:(X;Z) with n = dim X (see [4, p. 583]). Note that Y - Y depends on the
choice of an orientation for X, while I(Y") does not.

3. PROOF oF THEOREM [I.2

In this section, we consider the self-intersection class of the singular set of a
generic smooth map with corank one singularities and prove the formula (T2).

Proof of Theorem [[.2l Let us first assume that N = RP. The general case will
follow from this special case.

Let # : G — M Dbe the Grassmannian bundle of unoriented 2k-planes in T'M
and ¢ the tautological 2k-plane bundle over GG. Let us consider the vector bundle
Hom(¢, eP) over G, where e? = 7* f*TRP is the trivial p-plane bundle. There is
a natural section s of this vector bundle associated with f, which is defined by
s(x,H) = dfylg : H — RP for v € M and H C TM,. Our assumption on
jf implies that s is transverse to the zero section (for details, see [23]). We set
S(f) = s7H0) and 7 = 7r|§(f). Furthermore, we denote by j : S(f) < G the

inclusion. Note that 7 : S(f) — S(f) is a diffeomorphism and that the normal
bundle v; of the embedding j is isomorphic to j* Hom(¢,e?) = Hom(j*¢, j*eP).
Note also that Opom(g,er) = (Og)®? and hence that O,, = j*(O04)?, where for a
local system L, L8P denotes the p-fold tensor product of L. o

Let U be a tubular neighbourhood of S(f) in G with projection pg : U — S(f).
Furthermore, let E denote the total space of the vector bundle Hom(¢,eP) and
mg : E — G the projection, where we consider G to be embedded in E as the zero
section. Note that U can be identified with the total space of j* Hom(¢,eP). Then,
by considering the commutative diagram

H* (U, U~ S(f); (pg) 0u,) —=—  H?(G,G~ 5(f); (0)%P)

(slg) ™\ T s
. H??(E,E\ G; (7p)*(04)®?)
(is¢p) H?* (G (04)2P)

= T s =((rp)")"
H?M (B (1p)*(04)P),
we see that
(3.1) Ji1(1) = e(Hom(¢, 7)) = e(p)? € H*P(G; (04)%P),
where Zg(f) .G — (G,G~5(f) and ig : E — (E, E~ Q) are the inclusion maps.
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Let K = kerdf and Q = cokerdf be the kernel bundle of rank 2k and the
cokernel bundle of rank 1 defined over S(f), respectively. Note that Hom(K, Q) is
isomorphic to the normal bundle v of i : S(f) — M (for example, see [5], [13]).

Over S(f), we have 7*v =& Hom(7*K,7*Q) and 7*K = j*¢. Hence, we have
0, 2T Ok = 5Oy, since the rank of K is even.

Lemma 3.1. We have
(3.2) e(m*v) =e(j*9) € H2k(§(f);j*(9¢) (modulo 2-torsion).

Proof. When 7*Q is trivial, (82 obviously holds even without taking modulo 2-
torsion, since T'v = T'K = j*¢. When 7*Q is not trivial, let 7 : S(f) — S(f)
be the double covering corresponding to w1 (7*Q) € H(S(f); Z2), the first Stiefel-
Whitney class. Then, since 7*7*Q is trivial, we have e(T*7*v) = e(T*j*¢) €
H?*(S(f);7*j*Og). Then by Lemma 2] (2), we have

2e(7'v) = R(e(FFV)) = (7' 0)) = 267" 6),
since (1) = 2. Thus (32) holds. O

Lemma 3.2. We have
(O¢)®n72k R Og = W*OM.

Proof. Recall that the Grassmann manifold Gox(R™) consisting of 2k-planes in R™
is orientable if and only if n — 2k is even. Furthermore, its orientation remains
invariant under the orientation reversal of R™. Hence, when n — 2k is even, we have

(04)2"2* © Og = Og = 1O
When n — 2k is odd, let v be the tautological 2k-plane bundle over Gax(R™).
Then the orientation local system O, is isomorphic to Og,, (r»), since T'Gor(R™)
is isomorphic to Hom(vy, "), where 4 is the orthogonal complement of . Hence,
we have (O¢)®n72k ® Og = O¢ R Og = 7*0)y. [l
By the above lemma, 7 : G — M induces the Gysin map
m s H* (G (05)8" 20 = H*(G; O¢ @ 7° Oy ) — H* =2 (0. 7).

Lemma 3.3. We have

m(e(¢)" ) =1,
where m : H?(=2k)(G; (0,4)2"=2k) — HO(M;Z) is the Gysin map induced by
m:G— M.

Proof. The proof is similar to that in Porteous’ paper [23] Proposition 0.3], as
follows.

We have only to consider the equality over a fibre G(T'M,) = 7~ !(z), that is,
over the Grassmannian of T'M,, since the diagram

HPH=2R) (G (0g) B 2) —— H°(M;Z)
(ic(rag))"] () (i)
sz(nf%)(G(TMx); (Od)(x))@nf%) T )1 HO(x; Z)

is commutative, where ig(ra,) : G(T'M,) — G and i, : © — M are the inclusions,
e = T|laerm,) : G(T'M;) — x, and ¢(x) is the restriction of ¢ to G(TM,).
Fix a nonzero vector v € TM,. Then it induces a section s, of ¢(z) defined by

sy,(H)=[v] € TM,/H* = H for H € G(TM,),



SELF-INTERSECTION CLASS FOR SINGULARITIES 3831

where H is the orthogonal complement of H with respect to a fixed inner product
on TM,. The zero set s;1(0) (= {H : v € H*}) represents the homology class in
Hopn—2k)—2k(G(T'Mz); Oc(rm,) ® Og(yy) Poincaré dual to the Euler class e(¢(x)).
If we take a set of linearly independent (n — 2k)-vectors of T M, then we get n— 2k
generically linearly independent sections s;, i = 1,2, ...,n—2k. The intersection of
all s, 1(0) consists of a unique point, which corresponds to the 2k-plane orthogonal
to the space spanned by the (n — 2k)-vectors. Thus we have that the homology
class in Ho(G(TMy); Oc(ra,) ® (Op()) ") = Ho(G(TM,); Z) Poincaré dual
to e(¢(x))"~2* is represented by a point. Hence, the result follows by Lemma
(1). O

Let us go back to the proof of Theorem [[Z. We fix a Riemannian metric on M
and consider the orthogonal decomposition 7*TM = ¢ @ ¢*. Note that e(¢)? =
pr(¢) (for example, see [21, §15]). By using the product formula

p(m*TM) = p(¢)p(¢+) (modulo 2-torsion)
for Pontrjagin classes together with Lemma [Z1] and (B), we have

jile(5*9)) = (¢) ' <1> = e(¢)P™ = pr(g)e(p)" 2"

( (m*TM) — Zpe O)pr—e(¢ )) e(¢)" "

k—1
= pr(mTM)e(g)" 2" — < pé(‘b)(pk—é((ﬁl)pk((ﬁ))) e(¢) 22

k—
= (" TM)e(9)"” 2’“—( pe,(9)

(p% o (T TM) Z Pes (@)P2k—t, 0, (¢ ))) e(p)" 22

= pp(m*TM)e(p)" 2% + T, + T»  (modulo 2-torsion).

Here we set

(3.3) o= (- Sijé. (7" T M)pr, (d)e(p)" 22,
(34) T, = nO—H Z PI7L0+1 pko ¢L)e(¢)n—2k—2n07

where ng = [(n — 2k)/2] is the greatest integer not exceeding (n — 2k)/2, the sum
in (33) runs over all multi-indices

Iy=(f,...,0) with 0<f,... 6i<k—1 (1<s<][(n—2k)/2=no),

the sum in (3Z) runs over all multi-indices
InoJrl = (81, e 7£n0+1) with 0 § 51, e 7£n0+1 S k—1

PI, = DeyDey - Doy, Js = (+H1)k—(l1+- - -+Ls), and ko = (no+1)k— b1+ +Lngy1).

Since ¢y < k—1forall 1 <t < ng+1, we have kg > no+1 > (n—2k)/2. Therefore,
Pko(¢F) and hence Ty vanishes. Furthermore, the degree of ps_ (¢)e(d)" 2k=2% is
strictly smaller than 2k(n— 2k). Therefore, its image by the Gysin map m vanishes,
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and hence we have mT; = 0 by Lemma [ZT](2). Thus, by Lemmas and 2] we
have

mi(e(5* ) = pr(TM)m(e(¢)"?*) = pp(TM) (modulo 2-torsion).
On the other hand, by (82) and Lemma 2] we have
mp(e(G @) = um(e(j%¢)) = ivm(e(m*v)) (modulo 2-torsion)
— ae)A(1) = iev)),
Thus, by definition of the self-intersection class, we get
I(S(f)) =i(e(v)) =px(TM) (modulo 2-torsion).

This completes the proof for the case N = RP.

In the case of general N, we can show the assertion similarly in a standard way,
which is sketched as follows (for more details, see [12] for example). Take a vector
bundle £ over M such that f*T'N @ ¢ is trivial (for instance, taking an embedding
of N into a Euclidean space of sufficiently high dimension, set £ to be the pull-back
of the normal bundle of the embedding). Note that £ defines the element — f*T N
in the K-group. In the above proof, TM and df (i.e., j1f) should be replaced by
TM®¢and df ®ide : TM © & — f*T'N @&, respectively. Finally, we get

iwe()) =p(TM @ &) =pp(TM — f*TN) (modulo 2-torsion).
This completes the proof of Theorem O

Remark 3.4. When the normal bundle v of the embedding i : S(f) — M is ori-
entable, the Euler class e(v) € H?*(S(f);Z) is a special case of the incident class
defined by Rimdnyi [24], i.e., e(v) = I(X?*, £2¥)(f). Note that our definition of the
twisted Euler class uses the orientation local system so that everything works even
if v is non-orientable.

Now the formula ([I3) follows directly from Theorem T2, since (I(S(f)),[M]) =
S(f) - S(f) by the definition of I(S(f)) and every orientable 3-manifold is paral-
lelizable, where [M] € H4(M;Z) is the fundamental class of M, and (, ) is the
Kronecker product.

Remark 3.5. When n —p+ 1 is odd, e(v) € H" PT1(S(f); O,) is of order at most
two, since the dimension of a fibre of v is odd. Hence I(S(f)) = ii(e(v)) is an
element of order at most two or, in other words, it vanishes modulo 2-torsion.

Remark 3.6. Fehér and Rimdnyi in [13] observed that if a singularity set n(f)
of type n is an orientable closed submanifold of an orientable manifold, then the
self-intersection class of n(f) is equal to the Thom polynomial of the complexified
singularity nc(fc) multiplied by (—1)™(m=1/2 where m is the (real) codimension
of 1. It seems possible to generalize this to the non-orientable case, as we have
done here for the singularity type A;. In fact, for complex analytic maps M"™ —
N7™=2k+1 the Thom polynomial for an A;-type singularity coincides with coy, (7'M —
f*TN). We conjecture that our formula would be true without taking modulo 2-
torsion, and also for the case Z¢(f) # 0 for some £ > 2k + 1.

Remark 3.7. For a generic map f : M — N of a closed n-dimensional manifold
into a p-dimensional manifold with n —p+ 1 = 2k, £ > 1, the Thom polynomial
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Tp(A1(f)) coincides with the 2k-th Stiefel-Whitney class wor(TM — f*TN) €
H?*(M;Z5) by Thom [31]. Hence, we have

I(S(f)) = war(TM — f*TN)* (mod 2).
On the other hand, we have the basic congruence
w%k =pr (mod 2)

(see |21, Problem 15-A], for example). This means that the difference I(S(f)) —
p(TM — f*TN) is a multiple of two.

Remark 3.8. In Theorem [[.2] we have assumed that the source manifold M is
compact. However, this assumption is not necessary, as long as the map f : M — N
is proper and we use the homology of closed support instead of the usual homology.

4. NONEXISTENCE OF FOLD MAPS

In this section, we give some necessary conditions for the existence of fold maps
as an application of our formula ([2). Let us first recall the following.

Definition 4.1. For a smooth map f: M — N withn=dimM >dimN =p, a
point ¢ € M is a fold singularity (or an A;-type singularity) of f if f is of the form

(4.1) (xl,...,xn)n—>(:cl,...,xp,l,:tfcf):b-d:x%)

with respect to appropriate coordinates around g and f(g). Let X be the number
of negative signs appearing in the p-th component of the right-hand side of [.T]).
Then, max{\,n—p+1—X} is called the reduced index of q, which does not depend
on a particular choice of coordinates (for details, see [20]). If the singular set S(f)
of f is empty or consists only of fold singularities, f is called a fold map

Now let us prove Theorem [I.3]

Proof of Theorem [L3l Suppose that there is a fold map f : M — N homotopic to g.
For A =k, k+1,...,n—p+1,let Sx(f) be the set of fold singularities of f of reduced
index A. Note that S(f) is the disjoint union of Si(f), Sk+1(f),- .., Sn—pt+1(f) and
that each S\ (f) consists of some connected components of S(f). As is easily ob-
served, each Sx(f) is a (p — 1)-dimensional regular submanifold of M, and f|s, )
is an immersion for each A\. Furthermore, the normal bundle of the immersion is
trivial for A # k (for example, see [25]). This implies that Og, (y) = (ix)* f*On for
A # k, where iy : S\(f) — M is the inclusion. Let z) € H%(M;Of*TN,TM) =
H?(M;Ogern—7a) be the cohomology class Poincaré dual to the homology class
in H,_1(M; f*On) represented by Sx(f), A # k. Then, the self-intersection ho-
mology class Sx(f) - Sa(f) € Hp—ar(M;Opr) and the cohomology class zy — z) €
H*(M;Z) are Poincaré dual to each other, and the self-intersection class I(Sy(f))
coincides with z) — ).

For A = k, let v be the normal bundle of Si(f) in M. By [25], its structure
group can be reduced to the semi-direct product G = (O(k) x O(k)) x Zo C O(2k).
Since O(k) x O(k) is a subgroup of G of index two, the structure group of the
pull-back 7}vy of v, by an appropriate double covering my, : gk(f) — Sk(f) can be
reduced to O(k) x O(k). This implies that 7} splits into the Whitney sum &; & &
for some k-plane bundles & and & over S (f).

n [15], such a map is called a submersion with folds.
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Since k is odd by our assumption, the twisted Euler classes of & and &y are
elements of order at most two, and hence so is the Euler class e(mjvy) of mfvy. Since
i (e(mive)) = e(vi)mr (1) = 2e(vk), we see that 4e(vy) vanishes. This implies that
the self-intersection class I(S;(f)) vanishes modulo 4-torsion.

Since z) — ) =0 for A # X\ and

n—p+1

I(S(f) = Y I(SA(f)).
A=k

we conclude that the cohomology class
n—p+1
T = Z Ty € HQk(M;Og*TNfTM)
A=k+1
satisfies
x—x=1(S(f)) (modulo 4-torsion).

Hence, by Theorem[T.2], the result follows. This completes the proof of Theorem [T-3]
(Il

As an important corollary, we have the following, which shows the effectiveness
of the formula (3)).

Corollary 4.2. Let M be a closed oriented 4-manifold whose intersection form
is isomorphic either to £(1) or to £((1) & (1)). Then, there exists no fold map
f: M — N for any orientable 3-manifold N. In other words, every generic map
f: M — N necessarily has cusp singularities.

Proof. Suppose that there is a fold map f: M — N. Then by Theorem[L3] there
exists an element z € H?(M; Z) such that

v —x=p(TM— f*TN) = p1(M),

since every orientable 3-manifold is parallelizable. When the intersection form of M
is isomorphic to £(1), this implies that there exists an integer ¢ such that ¢2 = 3,
since p1[M] = 30(M). This is a contradiction. Similarly, when the intersection
form of M is isomorphic to £({1) @ (1)), there must exist integers ¢; and ¢z such
that ¢2 + ¢3 = 6, which is a contradiction again. Hence, there exists no fold map
f:M — N. O

Remark 4.3. In [27], the second author obtained the special case of Theorem [[.3] for
(n,p) = (4,3) by using a different method. Corollary[£2] was also obtained there.
(In fact, in [27], it was proved that the sufficient condition for the nonexistence of
fold maps mentioned in Corollary 2] is also necessary.) Note that Corollary
generalizes Theorem [Tl and the main theorem of [30]. Note also that Akhmetiev
and Sadykov [I] recently gave another proof of Theorem [Tl from a slightly different
point of view.

By using Theorem [[.3] we also have the following result for general dimensions.

Corollary 4.4. For every dimension pair (n,p) such that n —p+ 1 = 2k for
a positive odd integer k with 4k < n, there exists a closed connected orientable
manifold of dimension n that admits no fold map into any p-dimensional manifold
N such that p;(N) =0 for all 1 <i<k.
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Proof. Set
CP% x gn—4k n —4k > 2,
M ={ CP¥-1x gn=4k+2  n 4k =1,
CP?k, n = 4k.

Note that its cohomology ring satisfies

Z[a,b]/(a®+1,12), n—4k > 2,
H'(M;Z) = Z[a,b]/(a® %), n—4k=1,
Z[a)/(@*+), 0=k,

where a corresponds to a generator of H2(CP?¥;Z) = Z for n — 4k # 1 (or a
generator of H2(CP?#~1;Z) = Z for n — 4k = 1), and b corresponds to a generator
of H"=4k(§n=4k: 7)) = Z for n—4k > 2 (or a generator of Hn—4k+2(gn-4k+2,7) =~ 7,
for n — 4k = 1). Note also that the total Pontrjagin class p(M) of M satisfies

[ A4 a®)Pr -4k £ 1,
p(M)_{(l—l—aQ)%, n—4k=1

(for example, see [21]).

Suppose that there exists a fold map f : M — N for some p-dimensional manifold
N such that p;(N) =0 for 1 <4 < k. Since M is simply connected, any local system
over M is trivial. Then by Theorem [[3, there exists an element 2 € H?*(M;Z)
such that

(a2, n—dk #1,
x—x=p(TM — f*TN) =pr(M) =

(Qkk)a%, n—4k =1,

since H*(M;Z) is torsion free. This implies that the integer

%k +1\  (2k+1)! 2K\ (2Kk)!
() -teme o (5)-

k (k+ 1)E! k klk!
must be a square, which is a contradiction by a result of Erdos [11] (see also [16]).
Hence, M is a desired manifold. This completes the proof. O

Remark 4.5. In the above corollary, if n is even and k > 3, then we can prove that
CP"/? is also a desired manifold except possibly for (n,p) = (98,93), since the

binomial coefficient
n/2+1
k

is a square if and only if n = 98 and k = 3 (see [16]).

Corollary 4.6. Let (n,p) be a dimension pair such that n —p + 1 = 2k for a
positive odd integer k with 4k < n. Then, for every closed oriented n-dimensional
manifold M, there exists a closed connected oriented n-dimensional manifold M’
oriented cobordant to M such that M’ admits no fold map into any p-dimensional
manifold N with p;(N) =0 for all 1 <i <k.

Proof. Let My be the n-dimensional manifold given by Corollary[Z4l Furthermore,
let M be a connected and simply connected manifold oriented cobordant to M and
set M' = MMMy, where My denotes the manifold My with orientation reversed.
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Then, since we have n > 4k by our assumption, by an argument similar to that in
the proof of the above corollary, we see that there exists no element z € H2*(M'; Z)
such that z — z = pp(M’) modulo 4-torsion. Hence, by Theorem [, M’ admits
no fold map into N. Since M’ is oriented cobordant to M, the result follows. [

Remark 4.7. Surprisingly enough, for (n,p) = (4,3), the conclusion of the above
corollary does not hold in general. In fact, if a closed oriented 4-manifold M has
signature o(M) # £1,+2, then M always admits a fold map into R? (see [27]).
Note that, in this case, k = 1 and 4k = n.

Remark 4.8. In [19], it has been shown that if M is a closed manifold of odd Euler
characteristic, then M cannot admit any fold map into R? for p # 1, 3,7 (see also
[28]). We can use this to obtain a result similar to Corollary 4.4l for other dimension
pairs as well. However, such a result is not useful for the proof of Corollary .6l

Example 4.9. Let us consider the 4-dimensional complex projective space CP*. By
[19], if CP* admits a fold map into RP, then p must be equal to 1,3 or 7, since
CP* has odd Euler characteristic. Clearly, it admits a fold map into R. However,
it cannot admit a fold map into R”, since

(-

is not a square (for details, see the proof of Corollary 4] or Remark [.5)). We do
not know if CP* admits a fold map into R? or not.

Similar observations hold also for CP5 CP? x CP? HP?, etc. (refer to [21] for
the description of their Pontrjagin classes). Details are left to the reader.

Remark 4.10. Let f : M — N be a fold map of a closed orientable n-dimensional
manifold into an orientable p-dimensional manifold such that n — p + 1 = 2k. Let
us suppose that the singular set S(f) of f is orientable. We give an arbitrary ori-
entation to S(f) and let v € H?*(M;Z) be the cohomology class Poincaré dual to
the homology class represented by S(f). Then by [31], the modulo two reduction
of v coincides with the Stiefel-Whitney class wor(TM — f*TN) € H?*(M;Zs).
Furthermore, by Theorem [L2, v — v = px,(TM — f*TN) modulo 2-torsion. Sum-
marizing, we see that there exists an element v € H?*(M;Z) whose modulo two
reduction coincides with wor(T'M — f*TN) such that v — v = pp(TM — f*TN)
modulo 2-torsion.

The above result can also be proved as follows. By Ando [2], there exists a fold
map f : M — N homotopic to a given smooth map g : M — N such that S(f) is
orientable if and only if there exists a fibrewise epimorphism ¢ : TM ®e' — g*TN,
where el is the trivial line bundle over M. Set 1 = ker ¢, which is an orientable
vector bundle of rank n — p + 1 = 2k, and let v denote the Euler class of 7.
Then its modulo two reduction coincides with war(TM — f*T'N), and v — v =
p(TM — f*TN) (for details, see [21], for example).

The above observation suggests that the formula (2] should be true without
taking modulo 2-torsion.

Remark 4.11. So far, we have obtained several nonexistence results for fold maps.
For the existence results, refer to the works of Levine [20], Eliasberg [9], [I0] and
Ando [2]. For the dimension pair (n,p) = (4,3), see [21].
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